APPROXIMATION OF FUNCTIONS FROM THE CLASS Cψ β,∞ BY POISSON BIHARMONIC OPERATORS IN THE UNIFORM METRIC by Kharkevych, Yurii I. et al.
Ukrainian Mathematical Journal, Vol. 60, No. 5, 2008
APPROXIMATION OF FUNCTIONS FROM THE CLASS Cˆψβ,∞ BY
POISSON BIHARMONIC OPERATORS IN THE UNIFORM METRIC
Yu. I. Kharkevych and T. V. Zhyhallo UDC 517.5
We obtain asymptotic equalities for upper bounds of approximations of functions from the class Cˆψβ,∞
by Poisson biharmonic operators in the uniform metric.






let Lˆ∞ be the space of functions measurable and essentially bounded on the entire axis with the ﬁnite norm
‖ϕ‖∞ˆ = ess sup
t∈R
|ϕ(t)|,




Stepanets’ (see, e.g., [1, 2]) introduced classes LˆψβN of functions deﬁned on the entire real axis as follows:













is summable on the entire number axis. Let Lˆψβ denote the set of functions f(x) ∈ Lˆ1 that can be represented in
the following form for almost all x ∈ R :















where A0 is a certain constant, ϕ ∈ Lˆ1, β ∈ R, and the integral is understood as the limit of integrals over
increasing symmetric intervals.
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If f ∈ Lˆψβ and ϕ ∈ N, N ⊂ Lˆ1, then it is assumed that f ∈ LˆψβN. Let Cˆψβ (Cˆψβ N) denote the subset of





f ∈ Cˆψβ : ‖ϕ‖∞ˆ ≤ 1
}
.
The function ϕ(·) in (1) is called the (ψ, β)-derivative of the function f(·) (see, e.g., [3, p. 170]) and is denoted
by fψβ (·).
Let M denote (see [4, p. 93] or [5, p. 159]) the set of positive, continuous, convex downward functions ψ(v),
v ≥ 1, for which
lim
v→∞ψ(v)= 0.
Subsets M0 and MC of the set M are deﬁned as follows (see, e.g., [5, p. 160]):
M0 =
{
ψ ∈ M : 0 < t





ψ ∈ M : 0 < K1 ≤ t










and ψ−1 is the function inverse to ψ. Here and in what follows, K and Ki denote constants, which, generally
speaking, may be different in different relations.
We extend every function ψ ∈ M to the interval [0, 1) so that the following conditions are satisﬁed:
(i) the obtained function (denoted, as before, by ψ(v)) is continuous for all v ≥ 0, ψ(0) = 0;
(ii) the derivative ψ′(v) = ψ′(v + 0) has bounded variation on the interval [0,∞), and ψ(v) has the
continuous second derivative on [0,∞) everywhere except the point v = 1 ;
(iii) ψ(v) is increasing and convex downward on [0, 1].









ψ(v) ∈ A : ψ ∈ MC , v ∈ [1,∞)
}
.







be a collection of functions continuous for all v ≥ 0 and dependent on a real parame-
ter σ. We associate every function f ∈ Lˆψβ with an expression of the form
Uσ(f ;x; Λ) = A0 +
∞∫
−∞

























e−v, σ ∈ (0,∞),
we denote the functions Uσ(f ;x; Λ) by Bσ(f ;x) :
Bσ(f ;x) = A0 +
∞∫
−∞






















An operator Bσ, σ ∈ (0,∞), that acts on a function f according to rule (2) is called a Poisson biharmonic
operator. Repeating the arguments used in the proof of Proposition 1.1 in [3, p. 169], we can easily verify that,
under the condition of periodicity of f, the operator Bσ is the well-known Poisson biharmonic integral (see,
e.g., [6]).
In the present paper, we study the asymptotic behavior
(









for arbitrary real β and ψ ∈ A.
The investigation of structural and asymptotic properties of the classes LˆψβN was begun by Stepanets’ [1, 2]
and continued by his disciples. In particular, asymptotic equalities for the upper bounds of approximations of
functions from the classes Cˆψβ,∞ and Lˆ
ψ
β,1 by different linear operators were obtained by Dzimistarishvili [7–9],
Rukasov and Chaichenko [10, 11], Ostrovs’ka [12], Repeta [13], Stepanets’ and Sokolenko [14], Kal’chuk [15],
etc.
In the present paper, we continue our investigation begun in [16]. In particular, we consider here the case




deﬁnes the order of the saturation of the linear approximation method generated by the operator Bσ.
We set
τ(v) = τσ(v;ψ) =
(
1− [1 + γv] e−v) ψ(σv)
ψ(σ)
, (4)
where the function ψ ∈ A is deﬁned and continuous for all v ≥ 0 and
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Taking into account relation (4) and using (1) and (2), we obtain


































, v ≥ 0, (6)
μ(v) =
(








, v ≥ 0; (7)






and ψ(0) = 0.































where the function ψ(v) is deﬁned and continuous on the interval [0,∞) and β ∈ R. The following statement is
true:





dv < ∞, (10)
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Let us verify that the transforms ϕˆβ(t) and μˆβ(t) deﬁned by (12) and (13), respectively, are summable on the
entire number axis.





















|ϕ(1− v)− ϕ(1 + v)|
v
dv. (17)
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using (18) we get






















4ψ(1) + 3ψ′(1− 0)
2σψ(σ)
,


























































(for σ > 2b).
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Integrating the ﬁrst and the second integral on the right-hand side of (22) by parts and taking into account that




















, we use the relations
lim
v→∞ v
2ψ(v) = 0, (24)
lim
v→∞ v
3ψ′(v) = 0, (25)
which are established by the following reasoning: Since the function g(v) = v2ψ(v) is convex downward for













2ψ(v) = K > 0.


























dv = K2 + M(lnx− lnN).
Thus, we again obtain a result that contradicts condition (10). Therefore, relation (24) is true.
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Since the function v2ψ(v) is convex downward for v ≥ b, we conclude that the function − (v2ψ(v))′ does not












Using this result and (24), we obtain relation (25).

































Integrating the ﬁrst and the second integral on the right-hand side of inequality (26) by parts and taking into account
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Let us show that the second integral in (17) satisﬁes the following estimate as σ →∞ :
1∫
0








To obtain estimate (29), we use the following auxiliary statements:
Deﬁnition 1 [17]. Assume that a function τ(v) is deﬁned on [0,∞), absolutely continuous, and such that
τ(∞) = 0. We say that the function τ(v) belongs to Ea if the derivative τ ′(v) can be extended to the points







∣∣v − a||dτ ′(v)∣∣.
Proposition 1 [17]. If τ(v) belongs to Ea, then
∣∣τ(v)∣∣ ≤ H(τ),
where






|v − a||dτ ′(v)|. (30)
We set





, σ ≥ 1, (31)
where the function ψ is deﬁned and continuous for all v ≥ 0.
Lemma 1. Suppose that τ(v) ∈ E1 and ψ ∈ AC . Then the following relation holds as σ →∞ :
1∫
0












where H(τ) has the form (30).
Proof. Using relation (31), we determine the functions τ(1− v) and τ(1 + v) :
τ(1− v) = (1− λσ(1− v)) ψ(σ(1− v))
ψ(σ)
, v ≤ 1, (33)
τ(1 + v) = (1− λσ(1 + v)) ψ(σ(1 + v))
ψ(σ)
, v ≥ −1. (34)
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We represent the integral in (32) in the form of two integrals:
1∫
0










|τ(1− v)− τ(1 + v)|
v
dv. (35)
Let us estimate the ﬁrst term on the right-hand side of (35). To this end, we add and subtract the following
quantity under the modulus sign in the integrand:
λσ(1− v)− λσ(1 + v).
As a result, we obtain
1−1/σ∫
0











|τ(1− v)− τ(1 + v) + λσ(1− v)− λσ(1 + v)|
v
dv. (36)
Since, according to (33) and (34), one has
λσ(1− v) = 1− ψ(σ)
ψ(σ(1− v))τ(1− v) (37)
and
λσ(1 + v) = 1− ψ(σ)
ψ(σ(1 + v))
τ(1 + v), (38)
we obtain the following estimate for the second integral on the right-hand side of relation (36):
1−1/σ∫
0












∣∣∣∣1− ψ(σ)ψ(σ(1 + v))
∣∣∣∣ dvv . (39)
Taking into account that τ(v) belongs to E1 and using Proposition 1, we get

















vψ(σ(1− v)) dv +
1−1/σ∫
0














|ψ(σ(1 + v))− ψ(σ)|
vψ(σ(1 + v))
dv = O(1), (42)
where O(1) is uniformly bounded with respect to σ.
Further, we use the following statements:
Proposition 2 [5, p. 161]. A function ψ ∈ M belongs to MC if and only if the quantity
α(t) =
ψ(t)
t |ψ′(t)| , ψ
′(t) := ψ′(t + 0),
satisﬁes the condition
0 < K1 ≤ α(t) ≤ K2 ∀t ≥ 1.
Proposition 3 [5, p. 175]. For a function ψ ∈ M to belong to M0, it is necessary and sufﬁcient that, for an












, 0 < δ < 1− 1
σ









Thus, I1,σ = O(1) as σ →∞.
780 YU. I. KHARKEVYCH AND T. V. ZHYHALLO






ψ(σ)− ψ (σ (1 + v))
v
dv.














Applying Lemma 5.5 from [4, p. 97] to the right-hand side of the last inequality, taking into account that
ψ(2σ − 1) ≥ ψ(2σ), σ ≥ 1,
and using Proposition 3, we get
I2,σ <
K1ψ(σ)




Combining relations (36) and (39)–(42), we write
1−1/σ∫
0





|λσ(1− v)− λσ(1 + v)|
v
dv + O(1)H(τ), σ →∞. (43)
Let us estimate the second term on the right-hand side of (35). To this end, we add and subtract the quantity
ψ(σ(1− v))
ψ(1)
(λσ(1− v)− λσ(1 + v))







. As a result, we get
1∫
1−1/σ































Taking into account relations (37) and (38) and Proposition 1, we obtain
1∫
1−1/σ
















































, we conclude that







∣∣∣∣1− ψ (σ(1− v))ψ(σ)ψ(1)ψ (σ(1 + v))









∣∣∣∣1− ψ (σ(1− v))ψ(σ)ψ(1)ψ (σ(1 + v))
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Using relations (45)–(47), we get
1∫
1−1/σ
∣∣∣∣τ(1− v)− τ(1 + v) + ψ (σ(1− v))ψ(1) (λσ(1− v)− λσ(1 + v))
∣∣∣∣
v
dv = O (H(τ)) . (48)
It follows from (44) and (48) that
1∫
1−1/σ












Combining relations (43) and (49), we obtain equality (32).
The lemma is proved.
For the function ϕ deﬁned by (6), we have
λσ(v) = λσ(ϕ; v) = 1− ψ(σ)
ψ(σv)






It is easy to verify that
1∫
0
|λσ(1− v)− λσ(1 + v)|
v
dv = O (1) , σ →∞. (50)












, σ →∞. (51)
Combining relations (32), (50), and (51), we obtain estimate (29).
Thus, by virtue of Theorem 1 in [17], the integral A(ϕ) given by (15) is convergent, and, hence, the transform
ϕˆβ(t) of the function ϕ deﬁned by (6) is summable on the entire number axis.












|v − 1||dμ′(v)|, (52)










|μ(1− v)− μ(1 + v)|
v
dv (53)























σ > 2b. Denote



























Using (54), we obtain
μ ′(v) = e−v − γe−v + γve−v − v − 1
σ
,
μ ′′(v) = −e−v + 2γe−v − γve−v − 1,
μ(0) = 0, μ′(0) = 1− γ − 1
σ
< 0.
These relations and the inequality
−1 + 2γ − γv < ev, v ∈ [0,∞),
yield
μ(v) ≤ 0, μ ′(v) < 0, μ ′′(v) < 0 for v ≥ 0. (57)







, relation (56) yields
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. Since μ(0) = 0 and μ′(0) = 0(
because ψ(0) = 0
)






























































v2, v ≥ 0, (60)

































Taking into account inequalities (60) and the estimate
∣∣μ ′′(v)∣∣ < 2
σ
+ 3v, v ≥ 0,







We show that if the function v2ψ(v) is convex downward for v ≥ b, b ≥ 1, then
dμ′(v) ≤ 0, v ≥ b
σ
. (63)
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− (1 + 2γ)v2e−v − γv3e−v
)
< 0.
For v ≥ b ≥ 1, according to the conditions of the theorem, the following relations are true:














μ˜′(v)g′(σv) + μ˜(v)g′′(σv) < 0 for v ≥ b
σ
,
and, hence, inequality (63) holds for all v ≥ b/σ and b ≥ 1.

































≤ K1 + K2
σ3ψ(σ)
, σ →∞. (64)









, σ →∞. (65)
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Taking into account relations (24) and (25) and Propositions 2 and 3, one can easily verify that the following
estimate holds for the second integral in (52):
∞∫
1/2
|v − 1||dμ′(v)| = O(1), σ →∞. (66)
























e−v ≤ 1− v + v
2
2
, v ≥ 0, (67)
































−1 + γ + 1
σ





Using the last relation and the inequalities


















, σ →∞. (69)
Taking into account inequalities (67) and (68), we obtain















































































































Let us estimate the second integral in (53). To this end, we use relation (32) for
λ(v) = λσ(μ; v) = 1− ψ(σ)
ψ(σv)







It is easy to verify that
1∫
0















)∣∣∣∣ dv = O(1), σ →∞. (73)
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, σ →∞. (74)
Comparing (73) and (74) and using (32), we get
1∫
0








, σ →∞. (75)
Thus, the transform μˆβ(t) given by (13) for the function μ deﬁned by (7) is summable on the entire real axis.


































+ O (ψ(σ)A(μ)). (76)
































+ O (ψ(σ)A(μ)) . (78)
Furthermore, according to formulas (2.14) and (2.15) from [17, p. 25] and relations (72), (74), and (75), the follow-


















Taking into account that
σ∫
1





















Using (78) and (79), we obtain relation (11).
Theorem 1 is proved.












(K + e−v), ψ(v) =
1
vr




K > 0, r > 2, and α ∈ R.
























where the functions f1(x) and f2(x) are deﬁned by (8) and (9), respectively.
Proof. Let τ(v) = ϕ(v)+μ(v), where the functions ϕ(v) and μ(v) are deﬁned by (6) and (7), respectively.





















where ϕˆβ(t) and μˆβ(t) are transforms (12) and (13) for the functions ϕ and μ, respectively.
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Let us show that the transforms ϕˆβ(t) and μˆβ(t) are summable on the entire real axis. First, we prove the
convergence of the integral A(ϕ) deﬁned by (15). To this end, we divide the interval (−∞,+∞) into two subsets
(−σ, σ) and (−∞, σ] ∪ [σ,+∞).
Let us estimate the integral A(ϕ) given by (15) on the interval (−σ, σ). Using relation (6) and the fact that







































































































































4ψ(1) + 3ψ′(1− 0)
2σψ(σ)
. (83)
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Combining relations (82)–(85), we write











































































− ϕ′(0) = K
σψ(σ)
. (87)

































































ψ(σv)dv ≤ (b− 1)ψ(1)
σψ(σ)
,






















Using relations (18), (24), and (25) and taking into account that ψ(v) is decreasing for v ∈ [1,∞) and
lim
v→∞ψ(v) = 0,


























|ϕˆ(t)| dt ≤ 2K
σ2ψ(σ)
. (90)





Thus, the transform ϕˆβ(t) deﬁned by (12) is summable on the entire number axis.
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∣∣∣∣∣∣ dt = I1 + I2. (91)
































dt = I3 + I4. (92)






, we obtain the following















































































, σ →∞. (95)
Let us estimate the integral I2. Integrating twice by parts and taking into account that μ(0) = 0 and μ′(0) = 0,
we get






















































Taking relations (24) and (25) into account, we obtain
lim
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, σ →∞. (105)











, σ →∞. (106)
Thus, the transform μˆβ(t) deﬁned by (13) is summable on the real axis.




















+ O (ψ(σ)A(μ)) .
Using relations (77) and (106), we obtain the asymptotic equality (80) as σ →∞.
Theorem 2 is proved.















α > 0, K > 0, and r ∈ R.
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